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Abstract

Visualizationandcollision detectionaretwo of the most
importantproblemsconnectedwith implicit objects.Enu-
merationalgorithmscanbeusedeitherdirectly or aspre-
processingstepfor many algorithmssolving theseprob-
lems. In general,enumerationalgorithmsbasedon recur-
sivespacesubdivisionarereliabletoolsto encounterthose
partsin space,wheretheobjectmight belocated.But the
bad performanceand the hugenumberof computeden-
closingcells,if highprecisionis required,aregravedraw-
backs. Implicit Linear Interval Estimations(ILIEs) in-
troducedin this paperareimplicit interval (hyper-)planes
providing orientedtight boundsof theobjectwithin given
cells. It turnsout thattheuseof ILIEs highly improvesthe
performanceof the classicalenumerationalgorithm and
the quality of the results. The theoreticalbackgroundas
well asa fastandsimpletechniqueto computeILIEs are
presented.The applicability of ILIEs is demonstratedby
meansof a modifiedenumerationalgorithmthathasbeen
implementedandtestedfor implicit surfaces.

Keywords: implicit surfaces;implicit curves;enumera-
tion; rendering;collision detection;affine arithmetic;in-
terval arithmetic;linearinterval estimation;

1 Intr oduction

Using implicit equationsto describea geometricobject
builds a powerful tool for the representationof curves,
surfaces,andvolumesin computergraphics. Besidesof
thedescriptionof mathematical,physical,geological,and
otherscientificphenomena,implicit surfacesandvolumes
aremainly usedin CSG-Systemsto designcomplex ob-
jectsby adding,subtracting,andinvertingseveralsmooth
surfaces. Implicit surfacesused in CSG-modellersare
mainly planesandquadrics. The SvLis geometricmod-
eller [5] includesgeneralalgebraicsurfaces. Recently
skeletalandblobbysurfaceshavebeenaddedto theCSG-
treeby Wyvill, Guy andGalin [32]. Thesetypesof im-
plicit surfacesallow a very compactdescriptionof com-
plex objects.Smoothblending,warping,anddeformation
of objectsareproposedassupplementaryoperations.

An implicit definedobjectin IE
�

is givenby anequation
of theform �������	��

�����

IR
�

where
�

can be either a polynomial or any other real

valuedfunction. The implicit representationhasthe ad-
vantagethatit allowsa fasttestwhetherapoint lies inside
(
����������


), outside(
����������


) or on (
����������


) the
object.Besidesof many otherpositive featuresof implicit
descriptionsof objects,thereis onemain drawback: The
points building the object are definedas zero-setof

�
-

an equationwhich is in generalnot explicitly resolvable.
The computationof an approximationof this zero-set
for visualizationandcollision detectionis topic of many
publicationsof the last two decades,finding fast and
guaranteedreliable solutions is one of the subjectsof
recentresearch[22, 23, 31] .

The most expensive way to visualize an implicit ob-
ject is direct ray tracing[18] - especiallyfor objectswith
high algebraicdegree. Othersolutionsarebasedon enu-
merationalgorithms[3, 6, 7, 11, 12, 22, 30, 31], march-
ing squares/cubes/triangles[1, 14, 27], particle systems
[10, 17], or stochasticdifferentialequations[25]. These
methodscanbeuseddirectly for visualization,asprepro-
cessingstepfor furtherrendering,or polygonizationof the
object.A wide varietyof solutionsexistsalsofor thecol-
lision detectionproblemof implicit objects. Solving an
equationsystemis anexpensive possibility to handlethis
problem[20], polygonizingthe objectsbeforethe colli-
siondetectionprocessis not reliabledueto theerrorintro-
ducedby theapproximation.Usingaxes-alignedboxesas
piecewiseenclosuresof theobjectproducedby theclassi-
cal enumerationalgorithmasboundingvolumespresents
an often usedalternative to the two solutionsmentioned
before[28].

All visualization and collision detection algorithms
basedon a discretizationof the objectsuffer from uncer-
tainties. Dependingon the precision,importantfeatures
like singularitiesmaybemissed.Enumerationalgorithms
are basedon recursive adaptive spacesubdivision com-
binedwith an incidencetestof axes-alignedboxes(cells)
andtheobject.If thereliability of theobject-cellincidence
testis guaranteed,theresultis in generala reliableenclo-
sureof theobject.

Related work. The most simple enumerationalgo-
rithms arebasedon recursive uniform spacesubdivision.
Thesealgorithmsdo not take thetopologyof theobjectto
bedetectedinto account.Somealgorithmssubdivideuntil
pixel sizeis reachedto voxelizetheobject[6, 12, 21, 31],
othersfollow a hybridapproachandcomputefor eachde-



tectedcell a linearapproximationof theobject.
Adaptivespacesubdivisiontechniquestake the curva-

ture of the objectduring the subdivision processinto ac-
count, followed by a linearizationlike in the hybrid uni-
form case.Adaptive techniquesarefaster, but in thecase
of implicit surfacescrackscould appearin the polygo-
nalapproximationdueto differentlevelsof subdivisionof
neighbouringcells. Bloomenthal[4] solved the problem
for crackscausedby neighbouringcellsdifferingonelevel
of depthin subdivision. RecentlyBalsysandSuffern [3]
presentedan adaptive algorithm solving the problemfor
anarbitrarylevel of subdivision.

As mentionedbefore,the heartof eachsubdivision al-
gorithmis thereliabletestif theactualboxto beexamined
hits theobjector not. Thereliability of the incidencetest
is an important requirement,becauseit is the condition
for the reliability of further computations. Taubin [26]
developedfor his “accuratealgorithmfor rasteringalge-
braiccurves”anapproximationof thedistanceof themid-
point of a cell andthecurve to determinewhetherthecell
hits the curve or not. The majority of recentpublished
algorithmsperformthe test in a reliableway usinginter-
val arithmeticsasa tool for rangeanalysis[6, 12, 19, 24].�������

is simply evaluatedwith respectto the interval vec-
tor correspondingto theaxes-alignedbox to be tested.If
the resultinginterval containszero, the box may contain
a part of the objectandfurther subdivision is performed.
To reduceoverestimationscausedby interval arithmetic,
De Figuereidoand Stolfi [11] replacein their algorithm
interval arithmeticby affine arithmetic. Voiculescuet al.
[31] introducetwo furthermethodsto improve theresults
in the caseof algebraiccurvesandsurfaces:They show
thata reformulationof theequationinto Bernstein-B́ezier
form and/orthe useof a modified affine arithmetic[16]
improvestheresultandtheperformanceof thesubdivision
algorithm.

The algorithmsbasedon interval or affine arithmetic
mentionedaboveperformtheincidencetestwith theorigi-
nalcurveor surfacethatmightbeof highalgebraicdegree
or have a non-trivial non-algebraicdescription.It is clear
that ashigherthe degreeandasmorecomplicatethe de-
scriptionof the objectis, asmoreexpensive becomesthe
validationof theincidencetest.

Furthermore,pure subdivision algorithmssuffer from
the high numberof necessarysubdivisionsto reachpixel
size.An adaptivesubdivisionalgorithmloosesits reliabil-
ity dueto the approximationimplied in the linearisations
representingthefinal results.

Aims and scopes of this paper. The purpose
of the work presentedhere is to improve the classical
enumerationalgorithmin a way that it computesfastan
optimizednumberof tight, oriented,piecewiselinear, and
reliableenclosuresfor animplicit objectin IR

�
.

To do so, Implicit Linear Interval Estimations(ILIEs)

for generalimplicit objectsare introducedfollowing the
sameconstructionprincipleslike proposedby the author
for the parametriccase[9]. ILIEs are implicitly defined
interval (hyper-)planesproviding for eachcell apiecewise
linearenclosureof theobjectadaptedto its topology. They
allow to reducethecostfor cell/objectincidencetestsdur-
ing thesubdivisionprocessandto decreasethenumberof
subdivisionsby reducingthe cell to partscontainingthe
correspondingILIE. Finally, the diameterof an ILIE in-
forms aboutthe curvatureof the object inside the corre-
spondingcell. TheresultingILIEs couldbeusedfor poly-
gonizationandtheaccelerationof a renderingalgorithm.

ILIEs for curvesbasedon affine arithmeticshave been
alreadyintroducedto provide a reliableand fastplotting
tool [8]. This paperis anextensionof thedescribedtech-
niquesto generalimplicit objectsandshowsexamplesfor
implicit surfacesin 3-space.

Structure . A definition of ILIEs for generalimplicit
objectsin IR

�
is given in section2. In thesamesectiona

methodto computeILIEs basedonaffinearithmeticis de-
velopedanda characterizationis presented.Thetheoreti-
cal ideasof theprevioussectionareappliedin section3 to
improvetheclassicalenumerationalgorithmfollowedbya
discussionof experimentalresultsin section4. Thepaper
is closedwith conclusionsandideasfor futurework. Fur-
thermore,appendixA containsa short introductioninto
interval andaffinearithmetic,appendixB theformulasfor
theexamplesin section4.

Notations. In the following, IR denotesthe setof real
numbersandIIR thesetof intervals.Furthermore,if there
is no other declaration,thin small letters ( � �

IR) de-
notereal scalars,thin capital letters( ��� � IIR) intervals,
bold letters(

���
IR
�
) realvectors,andhollow letters( � or� � IIR

�
) interval vectorsrepresentingaxes-alignedboxes,

alsooftenreferredto ascell. Affine formsandvectorsof
affine formsaremarkedwith ahat(  � �  ! ).
2 Implicit Linear Inter val Estima-

tions (ILIEs) for general im-
plicit objects in IR "

Thissectionrequiressomebasicknowledgeaboutinterval
andaffinearithmetic.A shortintroductioncanbefoundin
appendixA.

Definition Let be #�$ �������%�&

�'�(�)��*,+-��./.0./�1* � �324�
IR
�

theimplicit definitionof an objectin IR
�

and
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(1)

with

= �
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7 �
IR
�1?@�BAC�D.0./.0� " .



(a)2D (b) 3D

Figure1: Examplesfor ILIEs.

Theintervalhyperplanesegmentinsidetheaxesaligned
box � � IIR

�
E $ �GFH�I� �,J 
K� 5 �����ML

is called Implicit Linear Interval Estimation(ILIE) of #
on � , iff for all

���N� #GOP� � holds
Q� 5 �����
For example,an ILIE of a curve on a square �SR IRT

is a fat line segmentenclosinginside � all points of the
curve: Figure1(a) shows the enclosingILIEs of a curve
correspondingto somegiven boxes,figure 1(b) shows a
surfaceof degreefour enclosedby 32 ILIEs.

Computation of ILIEs exploiting the intrinsic
structure of affine forms Onewayto computeILIEs
in aneffective way is to useaffine arithmetic:Like in the
straightforwarduseof affine arithmeticfor cell/objectin-
cidencetests[7, 11, 31],

�������
is evaluatedwith respect

to the vectorof affine forms  U correspondingto � . In the
algorithmsof de Figueiredoet al. [11] and Bowyer et
al. [7, 31], the resultingaffine form  � is convertedback
into an interval to determinewhetherzerois containedin
the resultinginterval. The conversionof the result from
affine form to interval destroys all additionalinformation
includedin theaffine form. In this sectionthis additional
informationis usedto computeILIEs with almostno ad-
ditional cost. Thefollowing theoremgivesthetheoretical
backgroundfor thecomputationof ILIEs for implicit ob-
jectsin n-space.

Theorem Let beV #)$ �������W�4
 an implicit objectin IE
�

V � �YX �
7
8 + �

7
R IR

�
a non-degeneratedintervalboxV  *

7 �  *
7 �[Z 7 �\�]*_^7 ; * +7 Z 7 �`Z 7 �YacbdAe��A�f

, thecorre-
spondingaffineform to interval �

7hg ?'�GAC�D.0././� " .

Furthermore let beV for iej ��a0bdAC�DAkfl�nmo�pAC��././�1q
 ���[Z + ��.D.�.��hZ � � i + ��.D.�.k� isr � $ �  ���  �:��t� ^ ;vu �7 8 + �
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DefineV for
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fl.

Then E $ �YFH�I� �xJ 
K� 5 �����ML
is a linear interval estimationof # on � .

Proof: All conditionsanddefinitionsof thetheoremare
presumed.

It follows from the definition of affine forms, that the
relationof

�
and

��Z + �D.�.D.���Z � �
� � IIR

� � acbdAe��A�f �� 2 �� � +z|{{ ��*,+�b�* ^ + �M�D.0./.0�
+z {� ��*Sb�* ^� �h� 2� $ ��Zk+��D.�.D.���Z � � 2

is a bijectionif f � is not degenerated.
The definition of affine arithmeticguaranteesthat for

every point
��� 2 � � there exist

Z��7 � i �j ��acbdAe��A�fn��?`�AC��././.0� " �nmo�BAC�D.0./.0��q , sothat����� � ���  �:�[Z � + ��.D.�.D��Z �� � i �+ �D.0./.0� i �r �
Furthermore,it follows from theinclusionpropertyof in-
terval arithmeticsthat�������/�~� 5�� ��Z�� + ��.�.D.k��Z��� �$ �  �@��Z�� + ��.�.D.k��Z��� �HacbdAe��Akfl��././.0�HacbdAe��Akf��

(2)
Thebijective relationof affine formsandintervalsallows
to rewrite

5 �
with respectto thecoordinates

�
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with

=
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u �7 8 + zH�}z|{} �
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u rj 8 + J w j J f .
Now, (2) canberewrittenas����� � ��� 5 ��� � �

(3)5 �����
is of theform
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IR
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IIR and
from equation(3) follows for all

��� � with
�������	�4


that
K� 5 �����
.

Thus,by definition,
Ev�GF:�I� �xJ 
K� 5 �����xL is a linear

interval estimationof #)$ �������W�y

�:�I� � .
Modus operandi for the computation of ILIEs:
Given an implicit object # $ �������B��


and a cell� � X �7 8 + �
7
. The following stepsgive an algorithm to

compute

= �
IIR and 9

7 �
IR
�
?��pAC�D.0./.0� " determiningthe

correspondingILIE

E $ �GFD��� �[J 
K�
=�; �6 7

8 ^ 9
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1. Computethe " affine forms  *
7 �	?���AC��.D.�.k� " corre-

spondingto �
7 �:?@�BAC�D.�.D.k� "

2. Recordthe set of indices ����$ ��F|� 7 �
IN J �

7p��� j ��?��nm���AC�D.0./� " L correspondingto the errorssym-
bolsof  *

7 ��* ^7 ; * +7 Z � } ��?'�pAe��.�.D.k� " .

3. Compute
���  �:���  �:�[Z � { ��././.0./��Z � � ��Zh� { ��./.0./��Zh�c�~���t� ^

;u �7 8 + � � } Z � }
; u rj 8 + � ��� Zh� � , where � � $ ��FH� j �

IN J � j
���� 7 ��?��nm4� AC�D.0./�1qIL

is the set of indicesof
error symbolsgeneratedduring the evaluationof

�
.

Notethat ��� and� � aredisjunct.

4. Set

=
$ � acb u rj 8 + J � ��� J �

u rj 8 + J � ��� J f
; � ^ bu �7 8 + zH�}z|{} � � } .

5. Set 9
7
$ � +z|{} � � } ��?@�pAe��./.0./� " .

Characterizations ILIEs provide linear, tight, simple,
andorientedenclosuresfor implicit objectsinsidea given
cell. Figures2 (a) and(b) illustrate the differenceof an
enclosureby a cell andthecorrespondingILIE.

1. An ILIE canbe interpretedas“fat” linearisationof
theobjectinsidea certainrangethatenclosestheob-
ject. Thus,anILIE is aboundingvolumeof theobject
insidethecorrespondingcell.

2. Furthermore,the interval part of the ILIE givesreli-
ableinformationaboutthe deviation of theenclosed
object: The diameter¡N$ � +¢�£/¤ {�¥§¦§¦§¦ ¥ ¤ �-¨�© ¢ ¡ ? 9 qN�

= �
of

theILIE
E $
u �7 8 + 9

7 * 7 ;�= �y

� = �
IIR canbeused

asmeasurefor thecurvature.

3. Using affine arithmetic, an ILIE can be computed
with almostno additionalcost.

(a)Enclosingcell (b) CorrespondingILIE

Figure2: Comparisonof enclosuresof animplicit surface
patchin a givencell.

(a)Enclosingcell (b) CorrespondingILIE

Figure3: An implicit surfacepatchof degree4 with sin-
gularities.

4. The describedmethodto computeILIEs workswell
even if the surfacehassingularitiesinsidethe given
cell. (Seefigure3.)

Pruning the corresponding cell to relevant par ts
The ILIE provides in most casesa tighter enclosureof
the surface inside its correspondingcell, than the cell
itself. Having in mind theaimto improvetheenumeration
procedure,pruning the cell to relevant parts, i.e. parts
containingthe ILIE, could be useful with respectto the
reductionof necessarysubdivisions (Comparefigures 2
(a) andfigure 4 (a)). Again interval arithmeticturnsout
to be a handytool to developa simplealgorithmfor this
purpose:

GivenanILIE
E

on � � IIR
�

like describedin equation
(1), theintervals �«ª

7
definingtheprunedcell �¬ª � X �

7
8 + �«ª

7
canbecomputedusingthefollowing equations:

� ª
7 �p�1b A9

7 � �6
� 8 +�e­8
7 9 � � �

;>= �1� O]�
71g ?'�pAe��./.0./� "

Remark: An iterative pruning of the cell might be be
reasonablein caseswherebig partsof the cell have been



(a) ILIE and pruneden-
closingcell

(b) ILIEs corresponding
to several iterationsteps

Figure4: (a) shows theILIE alreadypresentedin figure2
insidetheprunedcell. Figure(b) showsthreenestedILIEs
thatareresultsof iteratedcell pruning.

prunedoff: A recalculationof theILIE with respectto the
new cell will result in a tighterandbetterfitting ILIE for
the enclosedpart of the surface. Figure4 (b) visualizes
suchan iterationprocessproducingin eachstepa tighter
ILIE. Asaffinearithmeticusesmin-maxorChebycheff ap-
proximationto approximatenon-affine operations,the it-
erationdescribedabove leadsto a well orientedandtight
ILIE.

3 Using ILIEs to impr ove the
classical enumeration algo-
rithm

A classical enumerationalgorithm based on adaptive
subdivision and interval arithmetic has the following
form:

Input: An implicit object obj definedby the equation
obj.f( ® ) = 0 insidethecell I (anaxes-alignedbox).
Output: Setof cellsenclosingtheobject.

Algorithm Enumerate ( ImplObj obj, Cell ¯ )
if ( 0 not in obj.f(̄ )

return; //Stopif cell doesnot hit theobject
if (terminationcriterionfulfilled)

write results;return;
subdivide � into ° � sub-cells,̄�± �³²��&´���././.0�Dµ·¶

;
for
���pAe��./.0./� ° �

Enumerate( ImplObj ( obj.f, ¯ ± ));
// Performtestfor new parts

Anal ysis of the algorithm Thealgorithmperformsin
eachstepacell-objectincidencetestevaluatingtheexpres-
sion

��� � � usinginterval or affinearithmetic.If zerolies in-
sidetheresultinginterval, thecell mighthit theobjectand
further subdivision is performeduntil a certainprecision
is reached.This algorithmhasseveral weakpoints, that
couldbeusedasmotivationfor improvements.

1. The incidencetestwith the original object is a very
expensiveoperationdueto overestimationscausedby
intervalandaffinearithmetics,especiallyif theobject
is of highalgebraicdegree.

2. Thereisnomechanismto prunethecellsin awaythat
only the relevant part of the cell is usedfor further
subdivision. Thiscouldreducetheoverallnumberof
necessarysubdivisions and enlarge the adaptive ef-
fectof thealgorithm.

3. The result of the algorithm is a set of axes-aligned
cells, thatarenot adaptedto the topologyof the en-
closedpart of the object. An axesalignedbox con-
tains no information about the position of the en-
closedsurfacewhich may leadto ambiguitiesif the
resultsareusedfor thepolygonizationof implicit sur-
faces.

4. Thenumberof necessarysubdivisionsandcells rep-
resentingtheresultincreasesdramaticallyif highpre-
cisionresultsarerequired.

Impr oving the algorithm The classicalenumeration
algorithmmentionedabovecanbeimprovedsignificantly
with respectto thenumberof necessarysubdivisions,time
consumption,andthequality of resultsusingILIEs.

Thealgorithmis modifiedin thefollowing way: Let be�������	�Y

theexpressiondescribingtheimplicit object # ,� the cell to be examinedand  � the correspondingvector

of affine forms.V Eachtime
��� � � is evaluatedusing affine arithmetic

to determineif cell � may hit the object or not,
the description for the ILIE correspondingto �
and # is derived from the resulting affine form ����Z + �D.�.D.k��Z � � i + �D.�.D.�� i«r �¸�  ���  �:� following the
giventheoremin section2V The diameterof the ILIE is usedasterminationcri-
terionasit representsagoodestimationfor thegrade
of flatnessof theimplicit patch.V To avoid unnecessarydirect cell-objecttest,eachof
thesub-cellsresultingfrom asubdivisionof theinitial
cell is first tested,if it hits theILIE correspondingto
its “mother cell”. Only cells passingthis test in a
positive way will be usedfor further computations.
(Seefigure5.)V The result of the whole subdivision processis, be-
sidesof thesetof computedcells thatmaycontaina
part of the implicit surface,a setof ILIEs, that pro-
videsatight piecewiselinearintervalenclosureof the
surface.V Theapplicationof ILIEs combinedwith cell pruning
allows to implementnew subdivision strategies that
also reducethe amountof necessarysubdivisions:



Figure 5: Avoiding unnecessaryobject-cell testsusing
ILIEs.

Most known enumerationalgorithmsperforma uni-
form spacesubdivision technique. In generaleach
cell is subdividedinto eightequal-sizedsub-cellsre-
gardlessof thetopologyof the(maybe)enclosedob-
ject. Cell pruning basedon ILIEs allows to imple-
mentfor exampleanadaptedbinarysubdivision: The
prunedcell is subdividedonly oncealongits longest
edge.

A modified algorithm following the propositionsabove
is listed below. The two lines marked with starscanbe
repeatedto performiteratedcell pruning.

Input: Implicit objectobj including its implicit descrip-
tion obj.f, aninitial cell I.
Output: Set of linear interval estimationsand axes
alignedboxesenclosingtheobject.

Algorithm Enumerate ( ImplObj obj, Cell � )
evaluate

��� � � with affinearithmetic;
if ( 0 not in obj.f(� ))

return; // Stopif box doesnot hit theobject.
compute

?¹��?¹º
;

* prune � ;
* recompute

?¹��?lº
;

if (diameterof ilie is smallenough)
write results;
return; // Stopif ILIE tight enough

subdivide � into
q

sub-boxes,� � �»���GAC�D.0././�1q
;

for
���pAe��./.0./�1q

if (0 in ilie( � � )) // Testif � � mayhit theobject
Enumerate( ImplObj ( obj.f, � � ));

// Performtestfor new parts

4 Experimental Results

The modified enumerationalgorithm has been imple-
mentedin C++ usingtheaffine arithmeticpackageof van
Iwaarden[29] andtheProfileinterval packageof Knüppel
[13]. Theaffine arithmeticpackagehasbeenadaptedand
extendedto allow theextractionof “direct dependencies”,
thefactorsof thoseerrorsymbolscorrespondingto thein-
put intervalsdescribingthecell � .

Threesurfaces,a stretchedsphere( # + ), an algebraic
surfaceof degree4 called“CrossCap” ( # T ), anda Barth

(a) Prec.=1 (b) Prec.=0.1

(c) [Prec.=0.01 (d) Prec.=0.001

Figure6: Surface# + enclosedby ILIEs with differentpre-
cision.

Decic ( #½¼ ) which is algebraicof degree10, have been
chosento demonstratethe applicability of ILIEs on the
enumerationof implicit surfacein IE

¼
. Althoughonly al-

gebraicsurfaceshave beenchosenfor demonstration,the
algorithm can be appliedon any implicitly definedsur-
face. The formulasof the surfaces# + – # ¼ arelisted in
appendixB. Figures6 and7 show resultsrenderedusing
POVRay. Tables1 – 3 comparethe performanceof the
differentalgorithms.For eachsurfacethe computedpre-
cision,subdivisionmethod,numberof subdivisions,num-
berof ILIEs/cellsrepresentingtheresult,andcomputation
time arecompared.The methodsaredenotedin the fol-
lowing way: ’b’ standsfor binarysubdivisionusingILIEs,
’o’ for octreesubdivisionwith ILIEs and’a’ for theclassi-
cal enumerationalgorithmusingaxes-alignedcells,anin-
cidencetestbasedonaffinearithmetic,thediameterof the
cellsasterminationcriterion,anduniform adaptedoctree
subdivision. The computationtime1 is notedin seconds
andincludesafile outputof theresultsin POVRayformat.

Comparison of axes-aligned enumeration and
piece wise enclosures with ILIEs As mentionedbe-
fore, thecomputationof ILIEs usingaffine arithmeticcan
be donewith almostno additionalcost comparedto an
evaluationof the implicit object descriptionwith affine

1PC,800MHz AMD Athlon processor



(a) Prec.=0.1

(b) [Prec.=0.01

(c) Prec.=0.001

Figure7: Surface# T enclosedby ILIEs with differentpre-
cision.Subdivision technique:Octree.

prec. meth. #subdiv. time (s) #ILIES/cells

1 b 127 0.05 32
o 73 0.02 32
a 585 0.08 152

0.1 b 559 0.16 208
o 521 0.15 248
a 58569 7.77 21016

0.01 b 2167 0.67 968
o 2881 1.1 1980
a 3558793 482.39 1330256

0.001 b 18647 6.49 9176
o 24449 9.04 18848

Table1: Resultsfor surface# +

(a) ClassicalSubdivision

(b) Adaptedbinarysubdivision

Figure8: CrossCapenclosureof precision0.1usingaxes-
alignedcell (a)andadaptedbinarysubdivisionwith ILIEs
(b).

prec. meth. #subdiv. time (s) #ILIES/cells

0.1 b 2799 1.05 964
o 3413 1.19 1232
a 55049 10.20 14956

0.01 b 14635 6.28 5920
o 18557 7.41 9392
a 2327561 445.21 840164

0.001 b 95431 42.58 45316
o 128857 57.23 87768

Table2: Resultsfor surface# T

prec. meth. #subdiv. time (s)

0.1 b 182463 132.40
o 263457 188.97

0.01 b 1398047 1066.10

Table3: Resultsfor surface#½¼



arithmetic. The test whethera cell hits the ILIE corre-
spondingto its “mother cell” beforethe real object-cell
incidencetest is performed,coststime on onehand,but
savesmany unnecessarysubdivisionsandincidencetests
on theotherhand.

A comparisonof numbersin table2 shows: To getcom-
parabletight enclosurefor theCrossCapusingjust axes-
alignedcells almost20 timesmoresubdivisionsarenec-
essary. The result consistsof more than 15 times more
elementsasif 0.1 is chosenasprecision. Just964 ILIEs
arenecessaryto enclosethe surfacewith thegivenpreci-
sion,where14946axes-alignedboxesarenecessaryto get
a comparabletight enclosure.Choosing0.01asprecision,
the resultsareeven moreconvincing: Almost 160 times
more subdivisions are requiredusing the classicalalgo-
rithm andmorethan140 timesmoreaxes-alignedboxes
thanILIEs to representtheresults.

This demonstratesnot only a remarkableimprovement
with respectto theperformancebut alsowith respectto the
quality of the results:The amountof necessaryelements
to enclosean object is aswell a criterion to measurethe
quality of anenclosureasits reliability andtightness.See
figure8 for avisualcomparisonof theresults.

Comparison of diff erent subdivision techniques
ComparingILIE basedoctreesubdivisionwith adaptedbi-
nary subdivision (seetables1 – 3) shows that the latter
leadsespeciallyfor high precisionto betterresultswith
respectto thenecessarysubdivisions,thenumberof com-
putedenclosingILIEs aswell as the performanceof the
algorithm. In caseof theCrossCap( # T ), binaryadapted
subdivision requireson theaverage24%lesssubdivisions
thanoctreesubdivision. Comparingfigure7 (a)with figure
8 (b) it strikesout thatILIEs computedwith octreesubdi-
visionfit thesurfaceabit smootherthattheonescomputed
with binarysubdivision.

Reliability of the algorithm Figure7 (c) shows, that
elementsnot detectedby a normalray tracerdo no disap-
pearusingILIEs: thez-axisis partof thesurface.

Using iterated cell pruning Iteratedcell pruningcan
beusedto improve theresultwith respectto a further re-
ductionof enclosingILIEs in theresult.An iterativeprun-
ing might increasethe tightnessof the enclosurewithout
decreasingthenumberof enclosingelements.

5 Conc lusions and Future Work

Implicit LinearInterval Estimationshave beenintroduced
to improve theclassicalenumerationalgorithm. ILIEs al-
low to computepiecewise linear, implicit, tight, reliable,
andorientedboundsfor implicit objectsin IR

�
. Theexper-

imentalresultspresentedin section4 allow the following
conclusions:

V Theuseof ILIEs combinedwith asimplecell pruning
step reducesthe amountof necessarysubdivisions
comparedto theclassicalalgorithmdramatically.V TheILIEs provideamuchbetterenclosureof theob-
jectthanaxesalignedcellsin thesensethatmuchless
elementsareneededto enclosetheobject.V Theresult is muchbetteradaptedto the topologyof
thesurfaceandrepresentsa muchbetterapproxima-
tion.

The modified enumerationalgorithm and the enclosing
ILIEs canbeusedasbasisto developnew algorithmsfor
rendering,polygonization,and collision detection. The
generaldefinition of ILIEs allows to take othermethods
to computeILIEs basedon approximationmethodslike
e.g.TaylorModelsinto consideration.

A Inter val and Affine Arithmetics

Inter val Arithmetic Intervalscanbe usedto describe
fuzzy data,or datathat becomesfuzzy during it is pro-
cessed:The whish to recorderrorscausedby the finite
precisionof floating point operationsgave the initial im-
pulseto useinterval arithmeticfor numericalcalculations.
Only a short introductioninto somebasicideasof inter-
val arithmeticcanbe given in this context. Thebooksof
Neumaier[15] andAlefeld etal. [2] arerecommendedfor
furtherreading.

Interval arithmeticoperateson the set of compactin-
tervals IIR, wherea compactinterval � ��a 9 ��¾hfd� IIR is
definedas a 9 ��¾hf $ �pFD*P� IR J 9�¿ * ¿ ¾HL

For � ��a 9 �h¾hf�� IIR, À/Á«Â � � � $ � 9 denotesthe infi-
mum, Ã�Ä
Å � � � $ �Æ¾

the supremum, Ç 9 ¡ � � � $ �È�[¾	b 9 ��É °
the radius,

q�? ¡ � � � $ �)� 9
; ¾k�hÉ ° themidpointand J �,J·$ �ÊKË-Ì F 9 �h¾HL the absolutevalueof � . An interval is called

thin if À0Á
Â � � �W� Ã1Ä_Å � � � .
For � � a 9 ��¾hf ,

= � a Í|� ¡ f , the basic arithmetic
operations

; ��bd�DÎ0�MÉ
are defined as �

;�=
$ � a 9

;
Í|�h¾ ; ¡ f , � b

=
$ � a 9 b ¡ ��¾Ïb�Í�f

, � Î
=

$ �a Ê À/Á F 9 Í|� 9 ¡ �h¾kÍ|�h¾ ¡ Le� Ê�Ë|Ì F 9 Í|� 9 ¡ �h¾MÍ|��¾ ¡ L�f . If

 �� =

, di-
vision is definedas � É

=
$ �Ba 9 �h¾hf<ÎCa +Ð � + Ñ f .

TheorderrelationsÒ ��FÓ�d� ¿ �DÔd���\L for intervalshave
thedefinition �QÒ

=ÖÕ * Ò�×ÙØ *P� � � × �
=

.
If interval arithmeticswith directedroundingsis used,

theresultof a direct interval evaluation Ú � � � of a functionÚ ��*x�k�1*Û� � � IIR is always an enclosureof the rangeÜÞÝ $ �ßF Ú ��*x� J *�� � L of Ú , that is overestimatedin most
of thecasesandonly optimalfor somespecialfunctions.

For interval vectors � � IIR
�

thetermsinfimum,supre-
mum,midpoint, radiusandabsolutevalue,aswell asthe
comparisonand inclusion relationsare usedcomponent
wise. Interval vectorsareoftenreferredto asaxesaligned
boxesto emphasisethegeometricinterpretation.



Reliablerangeanalysisisanimportantapplicationof in-
tervalanalysisandtheoverestimationscausedby directin-
terval evaluationsis anoftencriticiseddrawback. Recent
researchin thefield of reliablearithmeticstries to reduce
theeffectof overestimationallowing a flexible refinement
of the computationor taking moreinformationaboutoc-
curring errorsinto account. One of theseapproachesis
affinearithmetic, thathasbeenintroducedby Stolfi andde
Figuereidowill beshortlypresentedin thenext paragraph.

Affine Arithmetic [21] Affine arithmeticreducesthe
uncontrollableblow up of intervals during the evaluation
of arithmeticexpressionstaking dependenciesof uncer-
tainty factorsof inputvalues,approximationandrounding
errorsinto account.
Definition [21]: A partially unknownquantity

*
is repre-

sentedbyan affine form

 * $ �4* ^
; *,+�Zk+ ; * T Z T

; .0./.0. ; * � Z �
in thefollowingshortlydenotedby thevector

��* ^ ��./.0./�1* � � ,
The

* 7
are knownreal coefficients,the

Z 7 �Ûa0bdAC��A�f
are

symbolicvariables,standingfor an independentsourceof
error or uncertainty.* ^ is calledthecentralvalueof theaffineform, the

* 7
are

thepartialdeviationsandthe
Z 7

thenoisesymbols.
Eachinterval canbeexpressedasaffine form but anaffine
form canonly beapproximatedby aninterval, asit carries
much more information. An interval describesonly the
generaluncertaintyof the data,whereasaffine arithmetic
splits this uncertaintyinto specificparts. Thus,a conver-
sionfrom affine formsto intervalsimpliesin mostcasesa
lossof information.
Let  * $ �4* ^

; * + Z + ; * T Z T
; ././.0. ; * � Z � betheaffineform

of thefuzzyquantity
*
.
*

lies in theinterval

a  *_f $ �&a * ^ b�à«�1* ^
; à�f g à $ � �6 7

8 + J *
7
J

a  *<f is thesmallestinterval enclosingall possiblevaluesof*
.

Let á ��a 9 ��¾hf be an interval representingthe value
*
.

Then
*

canberepresentedasaffineform

 *��4* ^
; * � Z �

with
* ^ $ �&�[¾

;
9 ��É °

g * �o$ �&�[¾	b 9 �hÉ ° .
Addition andscalarmultiplicationareso-calledaffine op-
erationsandfollow simplerulesappliedto theirevaluation
with affine forms:
Let  *G�â��* ^ ��./.0./�1* � � and  × �È� × ^ ��././.0� × � � be two affine
formswith respectto thesamenoisesymbols

Z ^ ��././.0�hZ � andã � IR. Then

 *åä  × $ � ��* ^ ä × ^ ��./.0./�1* � ä × � �ã  * $ � ã ��* ^ �D.0./.0��* � � *
; ã $ � ��* ^ ä ã �1*·+|�D.0./.0./�1* � �

Non-affine operationsare more difficult to determine.
Stolfi andde Figueiredo[21] proposethe following gen-
eral strategy for the implementation:Split the operation
(if possible)into anaffine partanda non-affinepart. Cal-
culatetheaffine partasdescribedin theprevioussection.
For all non-affine partscalculatean affine (best)approx-
imation (e.g.Tchebycheff approximation).The approxi-
mationerrorhasto bemultipliedwith anew noisesymbol
andhasto beaddedto theaffineform to gettheaffineform
of thefinal result.
A new noisesymbolhasto beintroducedfor round-off er-
rors. The upperboundsof all occurringround-off errors
have to beaddedto the partialdeviation of thenew sym-
bol.

B The tested surfaces
V “StretchedSphere”

# + $ * T
;
× T
;ÏæCç b`A%�4


V “CrossCap”

# T $~è * T ��* T
;
×sT
;(æ
T
;(æ � ; ×sT � ×«T

;Ïæ
T b`AH���y


V “Barth Decic” ( é � £ +1ê:ë ì ¨T )íWî�ï|ðCñ�ò
ó'ô�õlö�÷Óóhøhñ�÷Óó@ô�õ¹öMù�ó�øhñ�ù|ó�ôSõlö�ò
ó�øñ�ò ö�ú ÷ ö:ú ù ö ôPûkò ó ÷ ó ôPûkò ó ù ó ôPûk÷ ó ù ó ø úú ñ�ü ú�ý õ3øhñ�ò ó ú ÷ ó ú ù ó ô�þkø ó ñ�ò ó ú ÷ ó ú ù ó ô�ñ�û	ôSõ3ø¹ø óÿ��
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