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Abstract

Visualizationand collision detectionaretwo of the most
importantproblemsconnectedvith implicit objects.Enu-

merationalgorithmscanbe usedeitherdirectly or aspre-

processingstepfor mary algorithmssolving theseprob-

lems. In generalenumeratioralgorithmsbasedon recur

sive spacesubdvision arereliabletoolsto encountethose
partsin spacewherethe objectmight belocated.But the

bad performanceand the huge numberof computeden-

closingcells,if high precisionis required,aregrave draw-

backs. Implicit Linear Interval Estimations(ILIES) in-

troducedin this paperareimplicit interval (hyper)planes
providing orientedtight boundsof the objectwithin given

cells. It turnsoutthattheuseof ILIEs highly improvesthe

performanceof the classicalenumeratioralgorithm and
the quality of the results. The theoreticalbackgroundas
well asa fastandsimpletechniqueto computelLIEs are
presented.The applicability of ILIEs is demonstratedy

meansof a modifiedenumeratioralgorithmthathasbeen
implementedandtestedfor implicit surfaces.

Keywords: implicit surfaces;implicit curves;enumera-
tion; rendering;collision detection;affine arithmetic;in-
terval arithmetic;linearinterval estimation;

1 Introduction

Using implicit equationsto describea geometricobject
builds a powerful tool for the representatiorof curves,
surfaces,and volumesin computergraphics. Besidesof
the descriptionof mathematicalphysical,geological,and
otherscientificphenomenamplicit surfacesandvolumes
are mainly usedin CSG-Systemso designcomplex ob-
jectsby adding,subtractingandinverting several smooth
surfaces. Implicit surfacesusedin CSG-modellersare
mainly planesand quadrics. The SvLis geometricmod-
eller [5] includes generalalgebraicsurfaces. Recently
skeletalandblobby surfaceshave beenaddedo the CSG-
treeby Wyvill, Guy andGalin [32]. Thesetypesof im-
plicit surfacesallow a very compactdescriptionof com-
plex objects.Smoothblending,warping,anddeformation
of objectsareproposedassupplementarpperations.

An implicit definedobjectin IE™ is givenby anequation
of theform

f(x)=0, xeR"

where f can be either a polynomial or ary other real

valuedfunction. The implicit representatiomasthe ad-
vantagehatit allows afasttestwhetherapointliesinside
(f(x) > 0), outside(f(x) < 0) oron(f(x) = 0) the
object.Besidesf mary otherpositive featuresof implicit

descriptionof objects,thereis onemain dravback: The
points building the object are definedas zero-setof f -

an equationwhich is in generalnot explicitly resohable.
The computationof an approximationof this zero-set
for visualizationand collision detectionis topic of mary

publications of the last two decades,finding fast and
guaranteedeliable solutionsis one of the subjectsof

recentresearch22, 23, 31] .

The most expensve way to visualize an implicit ob-
jectis directray tracing[18] - especiallyfor objectswith
high algebraicdegree. Othersolutionsare basedon enu-
merationalgorithms[3, 6, 7, 11, 12, 22, 30, 31], march-
ing squares/cubes/trianglgs, 14, 27], particle systems
[10, 17], or stochastidifferential equationg25]. These
methodscanbe useddirectly for visualization,asprepro-
cessingstepfor furtherrendering pr polygonizatiorof the
object. A wide variety of solutionsexistsalsofor the col-
lision detectionproblemof implicit objects. Solving an
equationsystemis an expensve possibility to handlethis
problem[20], polygonizingthe objectsbeforethe colli-
siondetectiorprocesss notreliabledueto theerrorintro-
ducedby the approximation.Using axes-alignedoxesas
piecavise enclosure®f the objectproducedoy the classi-
cal enumeratioralgorithmasboundingvolumespresents
an often usedalternatve to the two solutionsmentioned
before[28].

All visualization and collision detection algorithms
basedon a discretizationof the objectsuffer from uncer
tainties. Dependingon the precision,importantfeatures
like singularitiesmay be missed.Enumeratioralgorithms
are basedon recursve adaptve spacesubdvision com-
binedwith anincidencetestof axes-alignedoxes(cells)
andtheobject.|f thereliability of theobject-cellincidence
testis guaranteedtheresultis in generalareliableenclo-
sureof the object.

Related work. The most simple enumerationalgo-
rithms are basedon recursve uniform spacesubdivision
Thesealgorithmsdo not take the topologyof the objectto
be detectednto account.Somealgorithmssubdvide until
pixel sizeis reachedo voxelizethe object[6, 12, 21, 31],
othersfollow a hybrid approachandcomputefor eachde-



tectedcell alinearapproximatiorof the object.

Adaptivespacesubdivisiontechniquedake the curva-
ture of the objectduring the subdvision processnto ac-
count, followed by a linearizationlike in the hybrid uni-
form case.Adaptive techniquesarefaster but in the case
of implicit surfacescrackscould appearin the polygo-
nal approximatiordueto differentlevelsof subdiision of
neighbouringcells. Bloomenthal[4] solved the problem
for crackscausedy neighbouringcellsdifferingonelevel
of depthin subdvision. RecentlyBalsysand Suffern [3]
presentedan adaptve algorithm solving the problemfor
anarbitrarylevel of subdvision.

As mentionedbefore,the heartof eachsubdvision al-
gorithmis thereliabletestif theactualboxto beexamined
hits the objector not. Thereliability of theincidencetest
is an importantrequirement,becauset is the condition
for the reliability of further computations. Taubin [26]
developedfor his “accuratealgorithm for rasteringalge-
braiccurves”anapproximatiorof the distanceof the mid-
point of a cell andthe curve to determinewhetherthe cell
hits the curve or not. The majority of recentpublished
algorithmsperformthe testin areliable way usinginter-
val arithmeticsasa tool for rangeanalysig6, 12, 19, 24].
f(x) is simply evaluatedwith respecto the interval vec-
tor correspondingdo the axes-alignedox to betested.If
the resultinginterval containszero, the box may contain
a partof the objectandfurther subdvision is performed.
To reduceoverestimationsausedby interval arithmetic,
De Figuereidoand Stolfi [11] replacein their algorithm
interval arithmeticby affine arithmetic. Voiculescuet al.
[31] introducetwo further methodgo improve the results
in the caseof algebraiccurvesand surfaces: They shav
thata reformulationof the equationinto Bernstein-Ezier
form and/orthe useof a modified affine arithmetic[16]
improvestheresultandtheperformancef thesubdvision
algorithm.

The algorithmsbasedon interval or affine arithmetic
mentionedabove performtheincidenceestwith theorigi-
nal curve or surfacethatmight be of high algebraicdegree
or have a non-trivial non-algebraialescription.It is clear
that ashigherthe degreeand as more complicatethe de-
scriptionof the objectis, asmoreexpensve becomeghe
validationof theincidencetest.

Furthermore pure subdvision algorithmssuffer from
the high numberof necessargubdiisionsto reachpixel
size.An adaptve subdvision algorithmloosests reliabil-
ity dueto the approximationimplied in the linearisations
representinghefinal results.

Aims and scopes of this paper. The purpose
of the work presentedhereis to improve the classical
enumeratioralgorithmin a way thatit computesfastan
optimizednumberof tight, oriented piecaviselinear, and
reliableenclosuregor animplicit objectin IR™.

To do so, Implicit Linear Interval Estimations(ILIES)

for generalimplicit objectsare introducedfollowing the
sameconstructionprincipleslike proposeddy the author
for the parametriccase[9]. ILIEs areimplicitly defined
interval (hyper)planesproviding for eachcell a piecavise
linearenclosuref theobjectadaptedo its topology They
allow to reducethecostfor cell/objectincidencetestsdur-
ing the subdvision processandto decreasé¢he numberof
subdiisions by reducingthe cell to partscontainingthe
correspondingLIE. Finally, the diameterof an ILIE in-
forms aboutthe curvature of the objectinside the corre-
spondingcell. TheresultinglLIEs couldbeusedfor poly-
gonizationandthe acceleratiorof arenderingalgorithm.

ILIEs for curvesbasedon affine arithmeticshave been
alreadyintroducedto provide a reliable and fastplotting
tool [8]. This paperis anextensionof the describedech-
nigquesto generaimplicit objectsandshavs examplesfor
implicit surfacesn 3-space.

Structure . A definition of ILIEs for generalimplicit

objectsin IR™ is givenin section2. In the samesectiona
methodto computelLIEs basedn affine arithmeticis de-
velopedanda characterizatioms presentedThetheoreti-
calideasof the previoussectionareappliedin section3 to

improvetheclassicaknumeratioralgorithmfollowedby a
discussiorof experimentakesultsin sectiond4. The paper
is closedwith conclusionsaandideasfor futurework. Fur-

thermore,appendixA containsa shortintroductioninto

interval andaffine arithmetic,appendix® theformulasfor

theexamplesin section4.

Notations. In thefollowing, R denoteghe setof real
numbersandlIR the setof intervals. Furthermoreif there
is no other declaration,thin small letters (u € IR) de-
notereal scalarsthin capitalletters(Z,, € IIR) intervals,
bold letters(x € IR™) realvectors,andhollow letters(l or
z € lIR™) interval vectorsrepresentingixes-alignedoxes,
alsooftenreferredto ascell. Affine formsandvectorsof
affine formsaremarkedwith ahat(a, f).

2 Implicit Linear Interval Estima-
tions (ILIEs) for general im-
plicit objects in R"

This sectionrequiressomebasicknowledgeaboutinterval
andaffine arithmetic.A shortintroductioncanbefoundin
appendixA.

Definition  LetbeF : f(x) =0, x = (z1,...,2,)T €
IR* theimplicit definitionof an objectin IR* and

L(x) := i a;xi +J Q)
i=1

with J € lIRanda; € Rji=1,...,n.



!

(a)2D

(b) 3D

Figurel: Exampledor ILIEs.

Theinterval hyperplanesggmentinsidetheaxesaligned
boxi € IIR*

L£:={xel]|0€ Lx)}

is called Implicit Linear Interval Estimation(ILIE) of F
onl, iff for all x € (F N 1) holds

0€e L(x)

For example, an ILIE of a curve on a squarel C R?
is a fat line sggmentenclosinginsidel all points of the
cunve: Figure 1(a) shaws the enclosinglLIEs of a curve
correspondingo somegiven boxes, figure 1(b) shavs a
surfaceof degreefour enclosedy 32 ILIEs.

Computation of ILIEs exploiting the intrinsic
structure of affine forms Onewayto computelLIEs
in an effective way is to useaffine arithmetic: Like in the
straightforward useof affine arithmeticfor cell/objectin-
cidencetests[7, 11, 31], f(x) is evaluatedwith respect
to the vectorof affine forms I correspondindo 1. In the
algorithmsof de Figueiredoet al. [11] and Bowyer et
al. [7, 31], the resultingaffine form f is corvertedback
into aninterval to determinewhetherzerois containedn
the resultinginterval. The corversionof the resultfrom
affine form to interval destrgs all additionalinformation
includedin the affine form. In this sectionthis additional
informationis usedto computelLIEs with almostno ad-
ditional cost. The following theoremgivesthetheoretical
backgroundor the computationof ILIEs for implicit ob-
jectsin n-space.

Theorem Letbe
e F: f(x) =0animplicit objectin E"
o 1 =[], I; C R* anon-dgeneatedinterval box

o &; = 2i(e;) = 29 + xl€;, € € [~1,1], thecorre-
spondingaffineformtointerval I;; i = 1,....,n

Furthermoe let be

o fory; € [-1,1],j=1,..,m
f(ela"'a€n7’yla"')’ym) = f(i)
=P+ X fla+ X, a7

Define

o forx € lande; = €;(z;) := Jr(2i—a)), i =1,..,n

i

L(x
= f(e1(@1), s €n(@n), [-1,1], .. .,

= J+Zz 1]“—1'551

v

[-1,1])

with
n 0 m m
Ti=f0=3 S +[=2 11 X 1el)-
i=1 ¢ j=1 j=1

Then
L:={xe€l|0e Lx)}

is alinear interval estimationof F onl.

Proof: All conditionsanddefinitionsof thetheoremare

presumed.
It follows from the definition of affine forms, that the
relationof x and(ey, - . ., €,)
lellR® — [-1,1]"
x" = (;lr(:vl —29), .y g (@ —2)))"
(617"'76n)T ’

is abijectioniff 1 is notdegenerated.

The definition of affine arithmetic guaranteeshat for
every point x'7 € 1 thereexist ¢},7; € [-1,1],i =
1,...,n,j5 =1,...,m, sothat

F) = fes

Furthermoreijt follows from theinclusionpropertyof in-
terval arithmeticgthat

J) € Liéhs...e)
= f(ella a[_lal])
(2)

The bijective relationof affine formsandintervals allows
to rewrite L. with respecto the coordinatex

! ! !
y Ens SRR me)

€, [—1,1], ...

L(x) := Le(wl—%(xl—xé),...,é(mn—x%))

= T, (o)
=S bl S 1]

= J+ E?:l fzwl—l.l',
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with J == fO =370 Shf + = X5k 1971, Xk 19’1
Now, (2) canberewrittenas

f(x') € L(x') ®3)

L(x) is of theform 37" | a;2; + J, a; € R, J € IR and
from equation(3) followsfor all x € 1 with f(x) = 0 that
0 € L(x).

Thus,by definition,£ = {x € 1|0 € L(x) } isalinear
interval estimationof F : f(x) =0, x € [. O

Modus operandi for the computation of ILIEs:
Given an implicit object 7 : f(x) = 0 anda cell
I = [I;—, I;. The following stepsgive an algorithmto
computeJ € lIRanda; € R, i = 1,...,n determiningthe
correspondindLIE

L= {XE U|0€ J+Za,x,}

i=0

1. Computethe n affine formsz;, i = 1,...,n corre-
spondingo I;, i =1,...,n

2. Recordthe setof indicesZ, := {k; € N|k; #
k;, i,j = 1,..,n} correspondingo the errorssym-
bolsof 2; = 29 + z}er,, i =1,...,n.

3. Computef (%) = flex,, s € €11, rer.) = O+
Sy frier, + 302, fle,;, whereZy = {l; €
N|i; # l;, i,j = 1,..,m} is the setof indicesof
error symbolsgeneratediuring the evaluationof f.
NotethatZ; andZ; aredisjunct.

4.8et J = [T IfSLXE S5+ O -

9 k.
PR3
i

5. Setq; := ;Tfki,i =1,..,n.

Characterizations  ILIEs providelinear, tight, simple,
andorientedenclosuregor implicit objectsinsideagiven
cell. Figures2 (a) and(b) illustrate the differenceof an
enclosuredy a cell andthe correspondindLIE.

1. An ILIE canbeinterpretedas“fat” linearisationof
the objectinsidea certainrangethatencloseshe ob-
ject. Thus,anlLIE is aboundingvolumeof theobject
insidethe correspondingell.

2. Furthermoretheinterval partof the ILIE givesreli-
ableinformationaboutthe deviation of the enclosed
object: The diameterd := mdiamu) of
thelLIE £: )" | a;z;+J =0, J € lIR canbeused
asmeasurdor the curvature.

3. Using affine arithmetic, an ILIE can be computed
with almostno additionalcost.

—

(b) CorrespondindLIE

(a) Enclosingcell

Figure2: Comparisorof enclosure®f animplicit surface
patchin agivencell.

(a) Enclosingcell

(b) CorrespondindLIE

Figure3: An implicit surfacepatchof degree4 with sin-
gularities.

4. The describednethodto computelLIEs works well
evenif the surfacehassingularitiesinsidethe given
cell. (Seefigure3.)

Pruning the corresponding cell to relevant parts
The ILIE providesin most casesa tighter enclosureof
the surface inside its correspondingcell, than the cell
itself. Having in mindtheaimto improvetheenumeration
procedure,pruning the cell to relevant parts,i.e. parts
containingthe ILIE, could be usefulwith respectto the
reductionof necessansubdvisions (Comparefigures 2
(a) andfigure 4 (a)). Again interval arithmeticturnsout
to be a handytool to develop a simplealgorithmfor this
purpose:

GivenanlILIE £ oni € IIR" like describedn equation
(1), theintervalsI; definingtheprunedcell 1* = [];", I*
canbe computedusingthefollowing equations:

. 1 & )
I :(_a_i(;aklk'l‘z])) NI; i=1,..,n
ki

Remark: An iterative pruning of the cell might be be
reasonablén casesvherebig partsof the cell have been
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(a) ILIE and pruneden-
closingcell

(b) ILIEs corresponding
to severaliterationsteps

Figure4: (a) shavsthelLIE alreadypresentedn figure2
insidetheprunedcell. Figure(b) shavsthreenestedLIEs
thatareresultsof iteratedcell pruning.

prunedoff: A recalculatiorof thelLIE with respecto the
new cell will resultin atighterandbetterfitting ILIE for

the enclosedpart of the surface. Figure 4 (b) visualizes
suchaniterationprocesgproducingin eachstepa tighter
ILIE. As affinearithmeticusesmin-maxor Chebycheffap-
proximationto approximatenon-afine operationsthe it-

erationdescribedabove leadsto a well orientedandtight
ILIE.

3 Using ILIEs to improve the
classical enumeration algo-
rithm

A classical enumerationalgorithm basedon adaptve
subdvision and internval arithmetic has the following
form:

Input: An implicit object obj definedby the equation
obj.f(xz) = O insidethecell | (anaxes-alignedox).
Output: Setof cellsenclosingthe object.

Algorithm Enumerate ( ImplObj obj, Cell I)
if (Onotin obj.f(I)
return; //Stopif cell doesnot hit the object
if (terminationcriterionfulfilled)
write results;return;
subdivide I into 2™ sub-cells,fj,
fork=1,..,2"
Enumerate( ImplObj ( obj.f, I}));
/I Performtestfor new parts

k=1,..2"

Analysis of the algorithm  Thealgorithmperformsin
eachstepacell-objectincidencaestevaluatingtheexpres-
sion f (1) usinginterval or affine arithmetic.If zeroliesin-
sidetheresultinginterval, the cell might hit the objectand
further subdvision is performeduntil a certainprecision
is reached. This algorithm hasseveral weak points, that
couldbe usedasmotivationfor improvements.

1. Theincidencetestwith the original objectis a very
expensveoperationdueto overestimationsausedy
interval andaffine arithmeticsgspeciallyif theobject
is of high algebraicdegree.

2. Thereis nomechanisnto prunethecellsin awaythat
only the relevant part of the cell is usedfor further
subdvision. This couldreducethe overall numberof
necessargubdiisions and enlage the adaptve ef-
fectof thealgorithm.

3. Theresultof the algorithmis a setof axes-aligned
cells, thatare not adaptedo the topology of the en-
closedpart of the object. An axesalignedbox con-
tains no information about the position of the en-
closedsurfacewhich may lead to ambiguitiesif the
resultsareusedfor the polygonizatiorof implicit sur
faces.

4. Thenumberof necessargubdvisionsandcellsrep-
resentingheresultincreaseslramaticallyif highpre-
cisionresultsarerequired.

Improving the algorithm  The classicalenumeration
algorithmmentionedaborve canbe improvedsignificantly
with respecto thenumberof necessargubdvisions,time
consumptionandthe quality of resultsusingILIEs.

Thealgorithmis modifiedin the following way: Let be
f(x) = 0 theexpressiordescribingthe implicit objectF,
I the cell to be examinedandx the correspondingector
of affine forms.

e Eachtime f(I) is evaluatedusing affine arithmetic
to determineif cell 1 may hit the object or not,
the description for the ILIE correspondingto 1
and F is derved from the resulting affine form

flers. . en, 11, svm) = f(%) following the
giventheoremin section2

e The diameterof the ILIE is usedasterminationcri-
terionasit representa goodestimationfor thegrade
of flatnessof theimplicit patch.

e To avoid unnecessargirect cell-objecttest, eachof
thesub-cellgesultingfrom asubdvisionof theinitial
cell is first tested|f it hitsthelLIE correspondingo
its “mother cell’. Only cells passingthis testin a
positive way will be usedfor further computations.
(Seefigure5.)

e The resultof the whole subdvision processis, be-
sidesof the setof computedcellsthat may containa
partof the implicit surface,a setof ILIEs, thatpro-
videsatight piecaviselinearinterval enclosuref the
surface.

e Theapplicationof ILIEs combinedwith cell pruning
allows to implementnew subdvision strateiesthat
also reducethe amountof necessarysubdvisions:
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Figure 5: Avoiding unnecessarybject-cell tests using
ILIES.

Most known enumeratioralgorithmsperforma uni-

form spacesubdiision technique. In generaleach
cell is subdvidedinto eightequal-sizedub-cellsre-

gardlesof thetopologyof the (maybe)enclosedb-

ject. Cell pruning basedon ILIEs allows to imple-

mentfor exampleanadaptedinary subdvision: The
prunedcell is subdivided only oncealongits longest
edge.

A modified algorithm following the propositionsaborve
is listed below. The two lines marked with starscanbe
repeatedo performiteratedcell pruning.

Input: Implicit objectobj including its implicit descrip-
tion obj.f, aninitial cell I.

Output:  Set of linear interval estimationsand axes
alignedboxesenclosingthe object.

Algorithm Enumerate ( ImplObj obj, Cell I)
evaluate f(I) with affine arithmetic;
if (0 notin obj.f(I))
return; I/l Stopif box doesnot hit the object.
computeilie;
* prune I;
* recomputeilie;
if (diameterof ilie is smallenough)
write results;
return;
subdivide I into m sub-boxes, I},
fork=1,..m
if (0inilie(Zy)) /I Testif I}, mayhit the object
Enumerate( ImplObj ( obj.f, I, ));
/I Performtestfor new parts

/I Stopif ILIE tight enough
k=1,...,m;

4 Experimental Results

The modified enumerationalgorithm has been imple-
mentedin C++ usingthe affine arithmeticpackageof van
Iwaarder{29] andthe Profileinterval packageof Kniippel
[13]. Theaffine arithmeticpackagenasbeenadaptedand
extendedo allow the extractionof “direct dependencies”,
thefactorsof thoseerrorsymbolscorrespondingo thein-
putintervalsdescribingthecell 1.

Three surfaces,a stretchedsphere(F;), an algebraic
surfaceof degree4 called“CrossCap” (F2), anda Barth

(a)Prec.=1 (b) Prec.=0.1

*
l

(d) Prec.=0.001

(c) [Prec.=0.01

Figure6: Surface; enclosedy ILIEs with differentpre-
cision.

Decic (F3) which is algebraicof degree 10, have been
chosento demonstratehe applicability of ILIEs on the
enumeratiorof implicit surfacein IE®. Althoughonly al-
gebraicsurfaceshave beenchosenfor demonstrationthe
algorithm can be applied on ary implicitly definedsur
face. The formulasof the surfacesF; — F3 arelistedin
appendixB. Figures6 and 7 shav resultsrenderedusing
POVRay. Tablesl1 — 3 comparethe performanceof the
differentalgorithms. For eachsurfacethe computedpre-
cision, subdvision method,numberof subdvisions,num-
berof ILIEs/cellsrepresentingheresult,andcomputation
time are compared.The methodsare denotedin the fol-
lowingway: b’ standdor binarysubdvisionusinglILIEs,
‘0’ for octreesubdvisionwith ILIEs and’a’ for theclassi-
cal enumeratioralgorithmusingaxes-alignectells,anin-
cidencetestbasedn affine arithmetic the diameternof the
cellsasterminationcriterion, and uniform adaptedctree
subdvision. The computationtime! is notedin seconds
andincludesafile outputof theresultsin PO/Ray format.

Comparison of axes-aligned enumeration and
piecewise enclosures with ILIEs Asmentionede-
fore, the computatiorof ILIEs usingaffine arithmeticcan
be done with almostno additional cost comparedto an
evaluation of the implicit object descriptionwith affine

1PC,800MHz AMD Athlon processor



(a)Prec.=0.1
(a) ClassicalSubdvision

(b) [Prec.=0.01

(b) Adaptedbinary subdvision

Figure8: CrossCapenclosuref precision0.1usingaxes-
alignedcell (a) andadaptedinarysubdvisionwith ILIEs

___, (b).

prec. meth. #subdv. time(s) #ILIES/cells

(c) Prec.=0.001 0.1 b 2799 1.05 964
0] 3413 1.19 1232
Figure7: SurfaceF, enclosedy ILIEs with differentpre- 001 z iiggg 1252 1;322
ision. SubdvisiontechniqueOctree. ' '
ciston q 0 18557  7.41 9392
a 2327561 445.21 840164
0.001 b 95431  42.58 45316
prec. meth. #subdv. time(s) #ILIES/cells o 128857 57.23 87768
1 b 127 0.05 32
0 73 0.02 32 Table2: Resultsfor surfaceF,
a 585 0.08 152
0.1 b 559 0.16 208
o] 521 0.15 248
a 58569 7.77 21016
001 b 2167 0.67 968 prec. meth. #subdv. time(s)
o] 2881 1.1 1980 0.1 b 182463 132.40
a 3558793 482.39 1330256 o} 263457 188.97
0.001 b 18647 6.49 9176 001 b 1398047 1066.10
o] 24449 9.04 18848

Table3: Resultsfor surfacefF;
Tablel: Resultsfor surfaceF;



arithmetic. The testwhethera cell hits the ILIE corre-
spondingto its “mother cell” beforethe real object-cell
incidencetestis performed,coststime on one hand, but
sazesmary unnecessargubdvisionsandincidencetests
ontheotherhand.

A comparisorof numbersn table2 shavs: To getcom-
parabletight enclosurefor the CrossCapusingjust axes-
alignedcells almost20 times more subdvisionsare nec-
essary The resultconsistsof more than 15 times more
elementsasif 0.1is chosenasprecision. Just964 ILIEs
arenecessaryo enclosethe surfacewith the given preci-
sion,wherel4946axes-alignedoxesarenecessaryo get
acomparabldight enclosure Choosing0.01asprecision,
the resultsare even more corvincing: Almost 160 times
more subdvisions are requiredusing the classicalalgo-
rithm and more than 140 times more axes-alignedoxes
thanlLIEs to representheresults.

This demonstrategsot only a remarkablémprovement
with respecto theperformancéut alsowith respecto the
quality of the results: The amountof necessarglements
to enclosean objectis aswell a criterionto measurehe
quality of anenclosureasits reliability andtightness.See
figure 8 for avisualcomparisorof theresults.

Comparison of diff erent subdivision techniques
ComparindLIE basedctreesubdvisionwith adaptedi-
nary subdvision (seetables1 — 3) shaws that the latter
leadsespeciallyfor high precisionto betterresultswith
respecto the necessargubdvisions,the numberof com-
putedenclosinglLIEs aswell asthe performanceof the
algorithm. In caseof the CrossCap (F»), binary adapted
subdvision requireson the average?4% lesssubdvisions
thanoctreesubdvision. Comparindigure7 (a)with figure
8 (b) it strikesoutthatILIEs computedwith octreesubdi-
visionfit thesurfaceabit smoothethattheonescomputed
with binary subdvision.

Reliability of the algorithm  Figure7 (c) shaws, that
elementsaot detectedoy a normalray tracerdo no disap-
pearusinglLIEs: the z-axisis partof thesurface.

Using iterated cell pruning Iteratedcell pruningcan
be usedto improve the resultwith respecto a furtherre-
ductionof enclosindLIEs in theresult. An iterative prun-
ing might increasethe tightnessof the enclosurewithout
decreasinghe numberof enclosingelements.

5 Conclusions and Future Work

Implicit Linear Interval Estimationshave beenintroduced
to improve the classicalenumeratioralgorithm. ILIEs al-

low to computepiecewvise linear, implicit, tight, reliable,
andorientedboundsfor implicit objectsin IR™. Theexper

imentalresultspresentedn section4 allow the following

conclusions:

e Theuseof ILIEs combinedwith asimplecell pruning
step reducesthe amountof necessarysubdvisions
comparedo theclassicaklgorithmdramatically

e ThelLIEs provideamuchbetterenclosureof the ob-
jectthanaxesalignedcellsin thesensehatmuchless
elementsareneededo encloseheobject.

e Theresultis muchbetteradaptedo the topology of
the surfaceandrepresents muchbetterapproxima-
tion.

The modified enumerationalgorithm and the enclosing
ILIEs canbe usedasbasisto develop new algorithmsfor

rendering,polygonization,and collision detection. The
generaldefinition of ILIEs allows to take other methods
to computelLIEs basedon approximationmethodslike

e.g. Taylor Modelsinto consideration.

A Interval and Affine Arithmetics

Interval Arithmetic  Intervals canbe usedto describe
fuzzy data, or datathat becomeduzzy duringit is pro-
cessed:The whish to recorderrors causedby the finite
precisionof floating point operationgyave the initial im-
pulseto useinterval arithmeticfor numericalcalculations.
Only a shortintroductioninto somebasicideasof inter-
val arithmeticcanbe givenin this context. The booksof
Neumaief[15] andAlefeld etal. [2] arerecommendeébr
furtherreading.

Interval arithmeticoperateson the set of compactin-
ternvals IR, wherea compactintenval I = [a,b] € IR is
definedas

[a,b] :={z € R|a <z < b}

For I = [a,b] € IR, inf(I) := a denotesthe infi-
mum sup(I) := b the supemum rad(Il) := (b—a)/2
theradius mid(I) := (a + b)/2 themidpointand|I| :=
max{a,b} the absolutevalueof I. An interval is called
thinif inf(I) = sup(I).

For I = [a,b], J = [c,d], the basic arithmetic
operations+,—,-,/ are definedas I + J := [a +
ab+d, I —J = [a—-4db—-¢, I -J =
[min{ac, ad, be, bd}, max{ac, ad, bc,bd}]. If 0 ¢ J, di-
visionis definedas’ / J := [a,b] - [}, 1].

Theorderrelations~ € {<, <, >, >} for intenalshave
thedefinition/ ~ J & z~y Ve l,yeJ.

If interval arithmeticswith directedroundingsis used,
theresultof adirectinterval evaluationg(I) of afunction
¢(z),x € I € IR is always an enclosureof the range
Ry, = {¢(z)|z € I} of ¢, thatis overestimatedn most
of the casesandonly optimalfor somespecialfunctions.

For interval vectos x € IIR™ thetermsinfimum, supre-
mum, midpoint, radiusand absolutevalue,aswell asthe
comparisonand inclusion relationsare usedcomponent
wise. Interval vectorsareoftenreferredto asaxesaligned
boxesto emphasis¢he geometricnterpretation.



Reliablerangeanalysigs animportantapplicatiornof in-
terval analysisandtheoverestimationsausedy directin-
terval evaluationsis an often criticiseddravback. Recent
researchn thefield of reliablearithmeticstriesto reduce
the effect of overestimatiorallowing a flexible refinement
of the computationor taking moreinformationaboutoc-
curring errorsinto account. One of theseapproachess
affinearithmetig thathasbeenintroducedby Stolfi andde

Figuereidowill beshortlypresentedh the next paragraph.

Affine Arithmetic [21] Affine arithmeticreduceghe
uncontrollableblow up of intervals during the evaluation
of arithmetic expressiongaking dependenciesf uncer
tainty factorsof inputvaluesapproximatiorandrounding
errorsinto account.

Definition [21]: A partially unknownquantityz is repre-
sentedby an affine form

T =20+ T1€1 + T2€2 + .... + Tp€pn

in thefollowing shortlydenotedby thevector(zo, ..., z,,),
The z; are knownreal coeficients,thee; € [—1,1] are
symbolicvariables,standingfor anindependensource of
error or uncertainty

zo Is calledthe centralvalueof the affineform, the z; are
the partialdeviationsandthee; thenoisesymbols.
Eachinterval canbe expressedsaffine form but anaffine
form canonly beapproximatedby aninterval, asit carries
much more information. An interval describesonly the
generaluncertaintyof the data,whereasaffine arithmetic
splits this uncertaintyinto specificparts. Thus,a corver-
sionfrom affine formsto intervalsimpliesin mostcasesa
lossof information.

Lett := zg + z1€1 + 262 + .... + T,,€, Detheaffineform
of thefuzzyquantityz. x liesin theinterval

[#] =m0 — &0+ & €= |l
=1

[Z] is the smallestnterval enclosingall possiblevaluesof
Z.

Let X = [a,b] be an interval representingthe value z.
Thenz canberepresentedisaffineform

I = o + Trek

with zg := (b+a)/2; z1, := (b—a)/2.

Addition andscalarmultiplication areso-calledaffine op-
erationsandfollow simplerulesappliedto their evaluation
with affine forms:

Let & = (zo,...,z,) @andg = (yo,---,yn) betwo affine
formswith respecto thesamenoisesymbolse, ..., €, and
a € IR. Then

T+ = (o L£Yoy--yTrn £ Yn)
ol = a(zg,.,Tn)
T+a = (xoLta,®1,.....Ty)

Non-afine operationsare more difficult to determine.
Stolfi and de Figueiredo[21] proposethe following gen-
eral stratgy for the implementation:Split the operation
(if possible)into anaffine partanda non-afine part. Cal-

culatethe affine partasdescribedn the previous section.
For all non-afine partscalculatean affine (best)approx-
imation (e.g. Tchebycheff approximation). The approxi-
mationerrorhasto bemultiplied with a new noisesymbol
andhasto beaddedo theaffine form to gettheaffineform

of thefinal result.

A new noisesymbolhasto beintroducedor round-of er

rors. The upperboundsof all occurringround-of errors
have to be addedto the partial deviation of the new sym-

bol.

B The tested surfaces

e “StretchedSphere”

Fi:2?+y*+22-1=0

e “CrossCap”

For A (@ +y* + 22 +2) + 2 (2 + 22 - 1) =0

« “Barth Decic” (t = 1£Y5))

Fs: 8(x? —t*yH)(y? — t*2%) (2% — t'2?)

(@ +yt + 2% — 202y — 2272% — 29%2%)+
+@+5t) (2 + P+ 22 D)@+ + 22— (2 1)
=0
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